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Given a generic Lagrangian system, its Euler-Lagrange operator obeys Noether identities which 
need not be independent, but satisfy first-stage Noether identities, and so on. This construction 
is generalized to arbitrary differential operators on a smooth fiber bundle. Namely, if a certain 
necessary and sufficient condition holds, one can associate to a differential operator the exact 
chain complex with the boundary operator whose nilpotency restarts all the Noether identities 
characterizing the degeneracy of an original differential operator. 

1 Introduction 

Given a generic Lagrangian system on a fiber bundle, its Euler-Lagrange operator S obeys 
the Noether identities. They need not be independent, but satisfy the first-stage Noether 
identities, which in turn are subject to the second-order Noether ones, and so on. The 
hierarchy of these Noether identities characterizes the degeneracy of a Lagrangian system 
in full. Noether's second theorem states the relation between Noether identities and gauge 
symmetries of a Lagrangian [1, 2], but Noether identities can be introduced without re- 
garding S as an Euler-Lagrange operator. Therefore, one can extend the notion of Noether 
identities to a generic differential operator on a fiber bundle. Our goal is the following. 

Let Y ^ X he a smooth fiber bundle and J^Y, r = 1, . . . , the jet manifolds of its sections 
(the index r = further stands for Y). Let E ^ X he a. vector bundle. A i?- valued r-order 
differential operator £^ on y is conventionally defined as a bundle morphism of J^Y to E 
over X [3, 4]. We associate to S the chain complex (10) whose boundaries vanish on Ker£^ 
(Proposition 2). It is a complex of a certain ring Soo[E; Y] of Grassmann-graded functions 
and their jets on the infinite order jet manifold J'^Y of Y. For our purpose, this complex 
can be replaced with the short zero-exact complex Soo[E;Y]^2 (H)- Recall that a chain 
complex is called r-exact if its homology of degree k < r is trivial. 

Noether identities of a differential operator S are defined as nontrivial elements of the 
first homology Hi{6) of the complex (11) (Definition 3). If this homology is finitely gener- 
ated, the complex (11) can be extended to the one exact-complex Voo[E; Y; -E'o]<3 (19) with 
the boundary operator 6o (18) whose nilpotency conditions are equivalent to the above- 
mentioned Noether identities (Proposition 4). First-stage Noether identities are defined 
as two-cycles of this complex. They are trivial if two-cycles are boundaries, but the con- 
verse need not be true. Trivial first-stage Noether identities are boundaries iff a certain 
homology condition (called the two- homology regularity condition) holds (Proposition 6). 
In this case, the first-stage Noether identities are identified to nontrivial elements of the 
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second homology of the complex (19). If this homology is finitely generated, the complex 
(19) is extended to the two-exact complex Voo[EiE]Y; Eq]<4 (30) with the boundary op- 
erator 5i (29) whose nilpotency conditions are equivalent to the Noether and first-stage 
Noether identities (Proposition 8). If the third homology of this complex is not trivial, the 
second-stage Noether identities exist, and so on. Iterating the arguments, we come to the 
following. 

Let we have the {N + l)-exact complex Voo{N}<n+3 (33) such that: (i) the nilpotency 
conditions of its boundary operator Sn (31) reproduce Noether and A;-stage Noether iden- 
tities for k < N, (ii) the (A^ + l)-homology regularity condition (Definition 9) holds. Then 
the (A^ + l)-stage Noether identities are defined as (A^ + 2)-cycles of this complex. They 
are trivial if cycles are boundaries, while the converse is true iff the (A^ + 2)-homology 
regularity condition is satisfied. In this case, (A^ -|- l)-stage Noether identities are identified 
to nontrivial elements of the {N + 2)-homology of the complex (33) (item (i) of Theorem 
11). If this homology is finitely generated, this complex is extended to the (A^ + 2)-exact 
complex Voo{N + l}<Ar+4 (41) with the boundary operator (5iv+i (40) whose nilpotency 
restarts all the Noether identities up to stage (A^ + 1) (item (ii) of Theorem 11). 

This iteration procedure results in the exact Koszul-Tate complex with the boundary 
operator whose nilpotency conditions reproduce all Noether and higher Noether identities 
characterizing the degeneracy of a differential operator £ 



2 The ring of Grassmann-graded functions and their jets 

All chain complexes considered in the article are complexes of certain rings of Grassmann- 
graded function and their jets on the infinite order jet manifold J°°Y of a fiber bundle 
y — > X. Let us describe such a ring. 

Recall that J°°Y, is the projective limit (tt^ : J°°Y — > J'^Y) of the inverse system of 
jet manifolds 

x^Y^j'Y< r-^Y^MrY< , (1) 

of J°°y, where 7r^_^ are affine bundles. It is a Frechet manifold. A bundle atlas {{Uy; x^, y'')} 
of y — > X induces the coordinate atlas 

{im-\Uyy,x\yi)}, y'l^A = < |A|, (2) 

where A = (Ai...Afe), A + A = (AAi...Afe) are symmetric multi-indices and 

0<|A| 

are total derivatives. We further assume that the cover {7r(f/y)} of X is also the cover of 
atlases of all vector bundles over X in question. The inverse system (1) yields the direct 
system 

C°°{X) ^ C°^{Y) ^ C°°( j^r) — C~( J'-^F) • • • 
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of rings of smooth real functions on jet manifolds J^Y with respect to the pull-back 
monomorphisms vr^_i*. Its direct limit is the ring OooY of all smooth real functions on 
finite order jet manifolds modulo the pull-back identification. 

Let us extend the ring OooY to a ring of graded functions on graded manifolds whose 
bodies are jet manifolds J'^Y of Y [2, 5]. We restrict our consideration to graded manifolds 
(Z, 21) with structure sheaves 21 of Grassmann algebras of finite rank, and refer to the 
following Scrrc-Swan theorem. 

Theorem 1. Let Z he a smooth manifold. A Grassmann algebra A over the ring C°°{Z) of 
smooth real functions on Z is isomorphic to the Grassmann algebra of graded functions on a 
graded manifold with a body Z iff it is the exterior algebra of some projective C°°{Z) -module 
of finite rank. 

Proof. The proof follows at once from the Batchelor theorem [6] and the Serre-Swan 
theorem generalized to an arbitrary smooth manifold [7, 8]. The Batchelor theorem states 
that any graded manifold {Z, 21) with a body Z is isomorphic to the one {Z, 21q) with the 
structure sheaf 21(5 germs of sections of the exterior bundle 

z z z 

where Q* is the dual of some vector bundle Q ^ Z. We agree to call {Z, 21q) the simple 
graded manifold with the structure vector bundle Q. Its structure ring Aq of graded 
functions (sections of 21q) is the Z2-graded exterior algebra of the C°°(Z)-module of sections 
of Q* Z. By virtue of the Serre-Swan theorem, a C°°(Z')-module is isomorphic to the 
module of sections of a smooth vector bundle over Z iff it is a projective module of finite 
rank. □ 

Remark 1. With respect to bundle coordinates {z^, g") on Q and the corresponding fiber 
basis {c"} for Q* — > X, graded functions read 

/ = fec^iz), (3) 

fc=0 ■ 

where we omit the symbol of the exterior product of elements c". Let u G 'OAq be a graded 
derivation of the M-ring Aq. Due to the canonical splitting VQ = Q x Q, the fiber basis 
{da} for vertical tangent bundle VQ Q oi Q ^ Z is the dual of {c"} and, therefore, u 
takes the local form u — u'^Ba + u"'da, where u'^,u°- are local graded functions [6]. It acts 
on graded functions (3) by the rule 

«(/a...(.C« • • • C^) = U^dA(fa...by ' ' ' c' + u'fa..M (c« • • • c') . 

Given a vector bundle E ^ X, let us consider the simple graded manifold (J''F, 21^^) 
whose body is J^Y and the structure bundle is the pull-back 

Er = rY X rE 

X 
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onto J'^Y of the jet bundle J'^E — > X, which is a vector bundle. There is an epimorphism 
of graded manifolds 

It consists of the open surjection 7r^+^ and the sheaf monomorphism 7r^+^* : 21^^ — > 
^Er+i, where 7r^'^^*2lE^ is the pull-back onto J^+^y of the topological fiber bundle Sl^^ — > 
jry These sheaf monomorphisms yield monomorphisms of the corresponding canonical 
presheaves 21^^ — > '^Er+n which make up a direct system 

2lyx£;^2lEi^---2l£;.^---, (4) 

and the monomorphisms of graded commutative rings ~^ '^ErJ^-^ assembled into the 
direct system 

Ay^e — >Ae, — >---AEr — (5) 

A direct limit of this direct system is a graded commutative ring Soo[E]Y] of all graded 
functions / e Ae^ on jet manifolds J^Y modulo monomorphisms tt^"^^*. The monomor- 
phisms C°°{J^Y) —>■ AEr provide the monomorphism OooY — > Soo[E;Y], while the body 
epimorphisms Asr ~^ C°°{,r'Y) yield the epimorphism Soo[E\ Y] OoqY. 

One can think of elements of Soo[E;Y] as being graded functions on J°°Y as follows. 
A direct limit of the direct system of presheaves (4) is a presheaf on the infinite order jet 
manifold J°°F. Let %oo[E; Y] be the sheaf of germs of this presheaf. The structure module 
r(Xoo[-E'; Y]) of sections of %oo[E:, Y] is a ring such that, given an element / e r{%^[E; Y]) 
and a point z E J°°Y, there exist an open neighbourhood [/ of z and a graded function /^^^^ 
on some finite order jet manifold J'^Y so that f\u = '^'k'* f^'^^u- In particular, there is the 
monomorphism Soo[E]Y] — > r(Too[-E'; F]). Due to this monomorphism, one can restrict 
Soo[E;Y] to the coordinate chart (2), and say that Soo[E;Y] as an OooY-nng is locally 
generated by the elements c%, where {c"} is a a local fiber basis for E* over tToo{U). We 
agree to call {yA,c%), < |A|, the local basis for Soo[E;Y]. Let the collective symbol 
stand for its elements. 

Remark 2. One can think of as being jets of graded functions c"- [2, 5]. This definition 
differs from the notion of jets of a graded commutative ring [7] and that of jets of a graded 
fiber bundle [9], but reproduces the heuristic notion of jets of odd fields in Lagrangian field 
theory [10]. 

Remctrk 3. Let V, V and V" be vector bundles over X. Let us consider the ring 

S^[VxE;YxV' xV"], 

X XX 

and its subring of graded functions which arc polynomial in fiber coordinates of the vector 
bundle Y xV xV" ^ Y. We denote the latter by Voo\VE: Y: V'V"]. One can think of its 

XX 

elements as being graded functions on J°°Y, too. 
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Let i} G DSooIE; Y] be a graded derivation of the R-ring S^[E] Y] [2, 5]. With respect 
to the local basis (s^), it takes the form 

|A|>0 

where the tuple of graded derivations {d^} is the dual of the tuple {c^} of generating 
elements of the Ooo[-^; >"]-algebra Soo[E;Y], and i^^, are local graded functions. We 
further restrict our consideration to vertical contact graded derivations 

^ = E dAV^'di. (6) 

0<|A| 

Such a derivation is completely determined by its first summand 

V = v^{x^, sf)dA, < |A| < k, (7) 

called a generahzed graded vector field. For the sake of simphcity, the common symbol v 
further stands both for a contact graded derivation (6) and a generalized vector field (7), 
which is also called a graded derivation. A graded derivation v is said to be nilpotent if 
v{v{f)) = for any graded function / G Soo[E] Y]. One can show that v is nilpotent only 
if it is odd and iff all v"^ obey the equality 

viv"") = E ^i^K^-") = 0. (8) 

0<|S| 

3 Noether identities 

Let £ be a i?-valued differential operator on a smooth fiber bundle Y ^ X. 
Proposition 2. One can associate to S a chain complex whose boundaries vanish on KerS. 

Proof. A differential operator S is locally represented by a set of functions S"" G 
OooY, possessing the corresponding coordinate transformation law. Let us provide the ring 
Soo[E; Y] with the nilpotent graded derivation 

S^daS", (9) 

whose definition is independent of the choice of a local basis. It is convenient to deal with 
a graded derivation S (9) acting on graded functions on the right by the rule 

5(/A/') = (-l)[^'l5(/)A/' + /A5(/'), 

where [/'] denotes the Grassmann parity. We call 6 (9) the Koszul-Tate differential. With 
this differential, the ring Soo[E; Y] is split into the chain complex 

^ O^Y ^ S^[E; y]i • • • ^ S^[E; Y]k--- (10) 
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graded in polynomials of the odd elements c^. Following the physical literature [2, 10], we 
assign to the antifield number Ant[c^] = 1. It is readily observed that the boundaries of 
the complex (10) vanish on Ker£^. □ 

Note that homology groups H^{S) of the complex (10) are Oqo ^-modules, but these 
modules fail to be torsion-free. Indeed, given a cycle $ e Soo[E; and an element f — 5a 
of the ring OoqY C Soo[E] Y], we obtain that /$ = (5(cr$) is a boundary. Therefore, one 
can not apply the Kiinneth formula to the homology of this complex, though any its term 
Soo[E; Y]k is isomorphic to the graded commutative fc-tensor product of the ^-module 
Soo[E;Y],. 

The homology Ho{5) of the complex (10) is not trivial, but this homology and the higher 
ones Hk>2{S) are not essential for our consideration. Therefore, we replace the complex (10) 
with the finite one 

0^l^S^Soo[E;Y]i^S^[E;Y]2 (11) 

of graded functions of antifield number k < 2. It is exact at lm6, and its first homology 
coincides with that of the complex (10). Let us consider this homology. 
A generic one-chain of the complex (11) takes the form 

* = E ^tcl: e O^Y, (12) 

0<|A| 

and the cycle condition — reads 

E ^tdAS'' = 0. (13) 

0<|A| 

One can think of this equality as being a reduction condition on a differential operator 
£. Conversely, any reduction condition of form (13) comes from some cycle (12). The 
reduction condition (13) is trivial if a cycle is a boundary, i.e., it takes the form 

^= E T^^d,:£'cl, r„f = -T,f. (14) 

0<|A|,|S| 

If £ is an Euler-Lagrange operator of some Lagrangian system on a fiber bundle Y ^ X, 
the nontrivial reduction condition (13) is a Noether identity [1, 2]. Therefore, we come to 
the following definition. 

Definition 3. A differential operator £ is called degenerate if the homology Hi{5) of the 
complex (14) (or (12)) is not trivial. We agree to call a cycle condition (13) the Noether 
identity. 

One can say something more if the OooY-modvle Hi[S) is finitely generated, i.e., it 
possesses the following particular structure. There are elements A G Hi{5) making up a 
projective C°°(X)-module C(o) of finite rank which, by virtue of the Serre-Swan theorem. 
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is isomorphic to the module of sections of some vector bundle Eq X. Let {A*"} be local 
bases for this C°°(X)-module. Then every element $ G Hi{6) factorizes 

$ = ^ GfdsA', Gf e O^Y, (15) 

0<1H| 

= ^ Af 4, Af e O^Y, (16) 

0<|A| 

via elements of C(o), i.e., any Noether identity (13) is a corollary of the Noether identities 

Y: A^^dj^S^ = 0. (17) 

0<|A| 

Clearly, the factorization (15) is independent of specification of local bases {A**}. We say 
that the Noether identities (17) are complete, and call A e C(o) the Noether operators. 
Note that, being representatives of Hi{S), the graded functions A*" (16) are not 5-exact. 

Proposition 4. If the homology Hi{S) of the complex (11) is finitely generated, this complex 
can he eoctended to a one-exact complex with a boundary operator whose nilpotency conditions 
(8) are just complete Noether identities (see the complex (19) below). 

Proof. Let us consider the ring Vco[E; Y; Eq] of graded functions on J°°Y (see Remark 
3). It possesses local bases {^/A' '^A^ "^a}! where [c\] — and Ant[c^] = 2. This ring is 
provided with the nilpotent graded derivation 

So^5+d (18) 

called the extended Koszul-Tate differential. Its nilpotency conditions (8) are equivalent to 
the complete Noether identities (17). Then the module VoolE] Y; Eo]<s of graded functions 
of antifield number A; < 3 is split into the chain complex 

O^Iuid^ S^[E; r]i ^ Vo^lE; Y; E^h ^ V^[E- Y- E^oja- (19) 

Let if*(5o) denote its homology. We have Hq{5q) = Ho{S) = 0. Furthermore, any one-cycle 
$ up to a boundary takes the form (15) and, therefore, it is a (5o-boundary 

$ = ^ Gfd^A^^SoiYl GfcQ. 

0<|S| 0<|S| 

Hence, Hi{6o) — 0, i.e., the complex (19) is one-exact. □ 
4 The Koszul— Tate complex 

Turn now to the second homology -^2(^0) of the complex (19). A generic two-chain reads 
^^G + H^Y: + E H^^clcl e O^Y (20) 

0<|A| 0<|A|,|S| 
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The cycle condition (Jq^ = takes the form 

^ G^dAA' + SH^O. (21) 

0<|A| 

One can think of this equahty as being the reduction condition on the Noether operators 
A*" (16). Conversely, let 

^ = E G'^cleVoo[E;Y;Eo]2 

0<|A| 

be a graded function such that the reduction condition (21) holds. Obviously, it is a cycle 
condition of the two-chain (20). The reduction condition (21) is trivial either if a two-cycle 
$ (20) is a boundary or its summand G vanishes on KeiS. 

Definition 5. A degenerate differential operator is said to be one-stage reducible if there 
exist non-trivial reduction conditions (21), called first-stage Noether identities. 

Proposition 6. First-stage Noether identities can be identified to nontrivial elements of 
the homology i?2((^o) iff o,ny S -cycle $ e Soo[E; Y]2 is a So-boundary. 

Proof. It suffices to show that, if the summand G of a two-cycle $ (20) is 5-exact, then 
$ is a boundary, li G — S^, then 

$ = + (5 - 5o)* + H. (22) 

The cycle condition reads 

5o^ ^ 5{{5 - 5o)-^ + H) ^ 0. 

Then (5 — Sq)'^ -\- H is 5o-exact since any 5-cycle e Soo[E;Y]2 by assumption is a Jo- 
boundary. Consequently, $ (22) is 5o-exact. Conversely, let $ e Soo[E;Y]2 be an arbitrary 
(5-cycle. The cycle condition reads 

5^ = 2$^f = 2^tMd^E' = 0. (23) 

It follows that ^ab^Sc'^ = for all induces (a, A). Omitting a 5-boundary term, we obtain 

^ab — '^ar ■ 

Hence, $ takes the form 

$ = -Gt^dsA^cl. (24) 
We can associate to it the three-chain ^ — —GarC^cl such that 

= $ + a = $ - G^-dAS^c^. 

Owing to the equality 5$ = 0, wc have ^qO" = 0. Since a is 5-exact, it by assumption is 
5o-exact, i.e., a — SqiIj. Then we obtain that $ = — <^o'0- ^ 
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Lemma 7. It is easily justified that a two-cycle $ e S^[E;Y]2 is do-exact iff ^ up to a 
6 -boundary takes the form 

^ Gf,U^A'dAA''. (25) 

0<|A|,|S| 

If the condition of Proposition 6 (called the two-homology regularity condition) is satis- 
fied, let us assume that first-stage Noether identities are finitely generated as follows. There 
are elements A(i) e ^^2(^0) making up a projective C°°(X)-module of finite rank which 
is isomorphic to the module of sections of some vector bundle Ei — > X. Let {A''!} be local 
bases for this C°°(X)-module. Every element $ e H2{So) factorizes 

(26) 

h"^' e S^[E;Y]2, (27) 

via elements of C(i), i.e., any first-stage Noether identity (21) results from the equalities 

^ A;^^dAA' + = 0, (28) 

0<|A| 

called the complete first-stage Noether identities. Elements of are said to be the first- 
stage Noether operators. Note that the first summands G^^ of the operators A^^ (27) are 
not 5-exact. 

Proposition 8. Given a reducible degenerate differential operator £, let the associated one- 
exact complex (19) obey the two-homology regularity condition and let its homology -^2(^0) 
be finitely generated. Then this complex is extended to the two- exact one with a boundary 
operator whose nilpotency conditions are equivalent to complete Noether and first-stage 
Noether identities (see the complex (30) below). 

Proof. Let us consider the ring V^[EiE; Y; Eq] of graded functions on J°°Y possessing 
local bases {y\,c%,c''j^,c2}, where [c]^] = 1 and Ant[c^^] = 3. It can be provided the 
first-stage Koszul-Tate differential defined as the nilpotent graded derivation 

Si^So+drA'''- (29) 

Its nilpotency conditions (8) are equivalent to complete Noether identities (17) and complete 

first-stage Noether identities (28). Then the module Voo[EiE]Y; Eo\<4 of graded functions 
of antifield number Ant[0] < 4 is split into the chain complex 

^ Im 5 ^ S^[E; y]i ^ Voo[E; Y; E^h ^ Voo[EiE; Y; E^h (30) 
J^V^[E,E;Y;EoU. 
Let if*((^i) denote its homology. It is readily observed that 

Ho{5i) = Ho{5) = 0, H,{Si) = H,{5o) = 0. 



0<|H| 

0<|A| 
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By virtue of the expression (26), any two-cycle of the complex (30) is a boundary 

0<|S| 0<|S| 

It follows that H2{Si) — 0, i.e., the complex (30) is two-exact. □ 

If the third homology Hs{5i) of the complex (30) is not trivial, there are reduction 
conditions on the first-stage Noether operators, and so on. Iterating the arguments, we 
come to the following. 

Let £ be a degenerate differential operator whose Noether identities are finitely gener- 
ated. In accordance with Proposition 4, we associates to it the one-exact chain complex 
(19). Given an integer A'" > 1, let Ei,...,En be some vector bundles over X. Let us 
consider the ring 

VooiN} = Voo[En-i ■ ■ ■ EiE; Y-E^--- Ej,] 

of graded functions on J'^Y if N is even or the ring 

V^{N} ^Voo[En--- EiE; Y;Eo--- E^-i] 

if N is odd. It possesses local bases {yX, c%, c^, c^, ■ ■ ■ ,C\} where [cj^] = (A; + 1) mod2 and 
Ant[c^''] — k + 2. Let k — —1,0 further stand for and c'', respectively. We assume that: 

(i) the ring Voo{N} is provided with the nilpotent graded derivation 

Sn = 6o+ E drA"\ (31) 

l<fc<iV 

A'-'= = G"-'= + h^>'^Y: + E iKZ'A^T' + ■■■), (32) 

0<|A| 0<S,0<S 

of antifield number -1; 

(ii) the module ■Poo{-^}<iv+3 of graded functions of antifield number A; < TV -|- 3 is split 
into the {N + 1) -exact chain complex 

0^l^S^S^[E;Y],J^ V^{Oh ^ r^{i}3 ■ ■ ■ (33) 

which satisfies the {N + l)-homology regularity condition, introduced below. 

Definition 9. One says that the complex (33) obeys the {N + l)-homology regularity 
condition if any 5k<N-i-cycle $ e Voo{k}k^z C Voo{k + l}k+3 is a Sk+i-boundary. 

Remark 4. The {N + l)-exactness of the complex (33) imphes that any 5fe<jv_i-cycle 
$ e V^{k}k+3, k < N, is a, 5fe+2-boundary, but not necessary a 5k+i-one. 

If N = 1, the complex Poo{l}<4 (33) restarts the complex (30) associated to a first-stage 
reducible differential operator in accordance with Proposition 8. Therefore, we agree to call 
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Sn (31) the A^-stage Koszul-Tate differential. Its nilpotency implies complete Noether 
identities (17), first-stage Noether identities (28) and the equalities 

E <''-\^a(E + E htZ'Acr')-^, (34) 

0<|A| 0<|S| 0<S,0<S 

for k = 2, . . . ,N. One can think of the equalities (34) as being complete /c-stagc Noether 
identities because of their properties which we will justify in the case oi k — N + 1. 
Accordingly, A*"*" (32) are said to be the A;-stage Noether operators. 
A generic (A^ + 2)-chain $ e Voo{N}n+2 takes the form 

^^g+h=j:g^^ci-+ e (35) 

0<|A| 0<S,0<S 

Let it be a cycle. The cycle condition ^^v^ = implies the equality 

Y^G^dAiY. ^r^^-.^Tl + ^i E ^S-,4cr^) = 0. (36) 
o<|A| o<|s| o<s,o<e: 

One can think of this equality as being the reduction condition on the A/^-stage Noether 
operators (32). Conversely, let 

^ = E GtcT e Poo{iV}iv+2 

0<|A| 

be a graded function such that the reduction condition (36) holds. Then this reduction 
condition can be extended to a cycle one as follows. It is brought into the form 

Sn{ E G^^cl- + E ^:.^._.c|c--) = 

0<|A| 0<S,0<S 

-YGtdAh^^+ E ^f.l.cldsA'---. 

0<|A| 0<S,0<S 

A glance at the expression (32) shows that the term in the right-hand side of this equality 
belongs to Voo{N — 2}n^i. It is a 5jv_2-cycle and, consequently, a ^A^-i-boundary Sn-i"^ in 
accordance with the (A^ + l)-homology regularity condition. Then the reduction condition 
(36) is a c2^"^-dependent part of the cycle condition 

MEGtcr+ E ^I-l.c|c-- - *) = 0, 

0<|A| 0<S,0<S 

but Sn"^ does not make a contribution to this reduction condition. 

Being a cycle condition, the reduction condition (36) is trivial either if a cycle $ (35) is 
a (^TV-boundary or its summand G is (5-exact, i.e., it is a boundary, too, as we have stated 
above. Then Definition 5 can be generahzed as follows. 
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Definition 10. A degenerate differential operator is said to be {N + l)-stage reducible if 
there exist non-trivial reduction conditions (36), called the {N +l)-stage Noether identities. 

Theorem 11. (i) The {N + 1) -stage Noether identities can be identified to nontrivial 
elements of the homology Hn+2{Sn) of the complex (33) iff this homology obeys the (A^ + 2)- 
homology regularity condition, (ii) If the homology Hn^2{^n) is finitely generated as defined 
below, the complex (33) admits an {N -\- 2) -exact extension. 

Proof, (i) The {N + 2)-homology regularity condition imphes that any 5jv-i-cycle 
$ G Voo{N — 1}n+'2 C 'Poo{N}]si+2 is a (5jv-boundary. Therefore, if $ (35) is a representative 
of a nontrivial element of Hj^j^2{5n)-, its summand G linear in c^^ does not vanish. Moreover, 
it is not a 5-boundary. Indeed, if $ = 5^^, then 

$ = + (5 - 5^)-^ + H. (37) 

The cycle condition takes the form 

5^^ = 5n-i{{5 - 5jv)* + ff) = 0. 

Hence, {5 — + H is Jiv-exact since any 5Ar_i-cycle 4> ^ VooiN ~ 1-}n+2 is a ^Ar-boundary. 
Consequently, $ (37) is a boundary. If the (A^ + 2)-homology regularity condition does not 
hold, trivial reduction conditions (36) also come from nontrivial elements of the homology 

(ii) Let the {N + l)-stage Noether identities be finitely generated. Namely, there exist 
elements A(jv+i) G Hn^2{Sn) making up a projective C°°(X)-module C(Ar_|_i) of finite rank 
which is isomorphic to the module of sections of some vector bundle E^+i —>■ X. Let 
{A^^+i} be local bases for this C°°(X)-module. Then any element $ e Hn+2{^n) factorizes 

^ = E ^Sv+i^sA^"+S *Sv+i e O^Y, (38) 

0<|H| 

^r;v+i ^ QVN+i ^ ffN+, ^ A^^^+'cl^ + (39) 

0<|A| 

through elements of C(Ar+i). Clearly, this factorization is independent of specification of 
local bases {A^^+i}. Let us extend the ring Vcxi{N} to the ring Voo{N + i} possessing local 
bases 

{yl, 4, cl, c2,..., cl\ c^^}, = A^mod2, Antlc^+I = iV + 3. 

It is provided with the nilpotent graded derivation 

W=5iV+ar.,+,A'--+i (40) 
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of antifield number -1. With this graded derivation, the module Voo{N + l}<Ar+4 of graded 
functions of antifield number Ant [/] < + 4 is split into the chain complex 

0^lra5^S^[E;YlJ^ V^{0}2 ^ V^{l}s ■ ■ -'^ V^{N - (41) 

^ Voo{N}n+2 Voo{N + l}iV+3 Voo{N + l}^+4. 

It is readily observed that this complex is {N + 2)-cxact. In this case, the {N + l)-stage 
Noether identities (36) come from the complete {N + l)-stage Noether identities 

a;^;^+ic/aA''^ + 5^^+^ = o, 

0<|A| 

which are reproduced as the nilpotency conditions of the graded derivation (40) . □ 

The iteration procedure based on Theorem 11 can be prolonged up to an integer A^max 
when the iVmax-stage Noether identities are irreducible, i.e., the homology Hn^^^^2{.5n^^^) 
is trivial. This iteration procedure may also be infinite. It results in the manifested exact 
Koszul-Tate complex with the Koszul-Tate boundary operator whose nilpotency conditions 
reproduce all Noether and higher Noether identities of an original differential operator 8. 
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